Let J R (v) denote the set of all integers k such that there exists a pair of KTS(v) with precisely k triples in common. In this article we determine the set J R (v) for v#3 (mod 6) (only 10 cases are left undecided for v=15, 21, 27, 33, 39) and establish that J R (v)=I(v) for v#3 (mod 6) and v 45, where I(v)=[0, 1, ..., t v &6, t v &4, t v ] and t v = 1 6 v(v&1).
INTRODUCTION
A Steiner triple system of order v (briefly STS(v)) is a pair (X, B) where X is a v-set and B is a collection of 3-subset of X (called triple) such that every pair of distinct elements of X belongs to exactly one triple of B.
A Kirkman triple system of order v (briefly KTS(v)) is a Steiner triple system of order v (X, B) together with a partition R of the set of triples B into subsets R 1 , R 2 , ..., R n called parallel classes such that each R i (i=1, 2, ..., n) is a partition of X. It is well known that a KTS(v) exists if and only if v#3 (mod 6) (see [8] ).
Two Steiner triple systems (X, B 1 ) and (X, B 2 ) are said to intersect in k triples provided |B 1 & B 2 | =k. If k=0, (X, B 1 ) and (X, B 2 ) are said to be disjoint, and if k=1, they are said to be almost disjoint. The existence a pair of disjoint STS(v) for every order v#1, 3 (mod 6), v 7 has been shown by Doyen in [2] . Teirlinck [13] proved that if (X 1 , B 1 ) and (X 2 , B 2 ) are any two STS(v), v 7 and if X is any v-set, then there exist two disjoint STS(v) (X, B$ 1 ) and (X, B$ 2 ) such that (X, B$ 1 ) is isomorphic to (X 1 , B 1 ), and (X, B$ 2 ) is isomorphic to (X 2 , B 2 ). Lindner [4] proved that there exists a pair of almost disjoint STS(v) for every order v#1, 3 (mod 6), v 3.
Denote by J(v) (or J R (v)) the set of all integers k such that there exists a pair of STS(v) (or KTS(v)) intersecting in k triples. For the general case, let t v = 1 6 v(v&1) and I(v)=[0, 1, ..., t v &6, t v &4, t v ]. Lindner and Rosa [5] determined completely the set J(v) and proved that J(3)=1, J(7)= [0, 1, 3, 7] , J(9)=[0, 1, 2, 3, 4, 6, 12] and J(v)=I(v) for v#1, 3 (mod 6) and v 13. By Teirlinck's result [13] and by Hall and Udding's result [3] , 0, 1 # J R (v) for v#3 (mod 6) and v 9. By [5] , it is obvious to see that J R (v) I(v). Although the intersection problem for Steiner triple systems was completely solved by Lindner and Rosa [5] in 1975, there was not much known when Rosa [10] presented the question of determining the set J R (v) for v#3 (mod 6) in 1980. The only known results at that time was 0, 1 # J R (v) for v#3 (mod 6) and v 9, J R (3)=J(3) and J R (9)=J (9) . In 1987 the second author [6] proved that
n , 7_3 n (n 2). Recently Shen [11] made a remarkable progress toward solving the intersection problem for Kirkman triple systems, in which he employed PBD constructions and embedding techniques to obtain the following theorem: Theorem 1.1. For any v#3 (mod 6) and v 81,
In this article we solve completely the intersection numbers problem for Kirkman triple systems for all v#3 (mod 6) and v 45. For 15 v 39, only 10 cases are left undecided.
RECURSIVE CONSTRUCTIONS
In this section we give two recursive constructions for intersection numbers of Kirkman triple systems. The concept of GDDs and frames play an important role in these constructions. Let us give them a formal definition.
Let X be a finite set containing v points, G a family of distinct subsets of X called groups which partition X, and A a collection of subsets of X called blocks. Let K be a set of positive integers. 
A holey parallel class of a GDD (X, G, A) is a set of blocks P which forms a partition of X "G, for some G # G. The group G is called the hole corresponding to P.
A K-frame is a K-GDD (X, G, A) in which the block set can be partitioned into holey parallel classes. We refer to a 3-frame as a Kirkman frame. Two k-frames on the same set and with the same groups (X, G, A) and (X, G, B) are said to intersect in l blocks provided |A & B| =l. The concept is very useful in this section and the later sections. Apply Fundamental Frame Construction [12] to obtain a similar construction as follows. 
Proof. For every x # X, let Y x be a set of cardinality |(x), and for any
Fundamental Frame Construction; see [12] ). From the construction, it is trivial to see that
This completes the proof. K We fill the holes of suitable frames to construct Kirkman triple systems.
Theorem 2.2 (Filling in Holes Construction
). Let a 0 and suppose that there are two Kirkman frames of type [t 1 , t 2 , ..., t n ] with b common triples. For 1 i n&1, suppose that there exists a pair of KTS(t i +a) containing the same sub-KTS(a) with b i common triples, and suppose there exists a pair of KTS(t n +a) with b n common triples. Then there exists a pair of KTS( 1 i n t i +a) having b+ 1 i n b i &(n&1)(a(a&1)Â6) common triples.
Proof. Let (X, G, A) and (X, G, B) be two Kirkman frames of type
and let Y be a set of cardinality a such that X & Y=<.
(this is in fact Filling in Holes Construction; see [12] ). Obviously, the two newly KTS have Denote by B the set of triples obtained after replacing the triples [2, 6, 7] . Then B is also KTS(15), which has a parallel class solution as below: Clearly, |B & A 1 | =31 and hence 31 # J R (15). It is readily checked that
Consider the following permutations on I 15 :
? 1 =(1 2)(3 4)(6 7)(9 10)(11 12)(13 14); ? 2 =(1 2)(3 4)(9 10)(12 15); ? 3 =(1 2)(5 6)(8 10 11 9)(12 14 15 13); ? 4 =(8 11)(9 10 14 15)(12 13).
It is readily checked that The No. 0 is actually A 1 in [7] under the isomorphism mapping: 1 5 4 3 2)(6 7)(15 16 1 5 4 3 2)(8 9 1 10 3 11 6 13 5 12 7 14 4 8)(2 9)(15 20)(16 19)(17 18 1 20 8 4 15 10 3 19 14)(2 21 9 5 18 13)(6 17 12 7 16 11 1 10 5 12 7 14 2 9 3 11 6 13 4 8)(15 20)(17 18 (2 17)(3 16)(4 18)(5 15)(6 20)(7 21 (1 3)(2 5 4) Let dev(
Then it is readily to check that (X, dev(B i )) (i=1, 2, 3, 4 ) are KTS(21). Let ? be the permutation on X: Let ? be the permutation on X: (x, 1) W (x, 2) for any x # GF(q). It is readily checked that (X, G, dev(B)) and (X, G, ?(dev(B))) are a pair of disjoint Kirkman frames of type 2 q . K pair of KTS(9) having b u common triples where b u # J R (9). Then we obtain a pair of KTS(6u+3) having 1 i u b i &(u&1) common triples. That is,
where Proof. By [6] , it immediately follows that I(27)"[t 27 &13, t 27 &7, t 27 &4] J R (27). Now we prove t 27 &13 # J R (27). Let X=Z 
